Gauss map of rank zero by 古川, 勝久
Title Gauss map of rank zero
Author(s)古川, 勝久










Gauss map of rank zero
古川勝久 Katsuhisa FURUKAWA, j.w.with Satoru FUKASAWA and Hajime KAJI [1]
Waseda University
katu@toki.waseda.jp





Def (Gauss map). For an embedding  : X ,! PM,
 =  : X d G(n;PM) (Gauss map of )
is given by sending x 2 X to the embedded tangent TxX in PM.
(We treat  only for the case when (X) is non-linear in PM.)
Define rk  (rank of theGauss map) to be rk(dx : txX ! t(x)G(n;PM)) with gen x 2 X.
 p = 0)  is birational (thus, rk  = n) for any embedding  if X is smooth.
In p > 0, birationality of  is not guaranteed, and rk  < n is possible.
We study the extreme case:
Def (GMRZ). We say that a proj variety X satisfies (GMRZ) if
9  : X ,! PM s.t. rk  = 0 (Gauss map of  is of rank zero):
Example (Fermat hypersurf). Let X = (xp+10 +    + xp+1N = 0)  PN (p > 0).
Then  : PN !
b





Approach. Suppose that X has a rational curve param by f : P1 ! X.
If f is unramified, then the normal bdle N f is given by (ker( f 
1X ! 
1P1))_.
If X satisfies (GMRZ), then N f has the following significant property:
Theorem1 (Splitting type of the normal bundle).
X: proj variety, f : P1 ! X: unramified. Assume that X is smooth along
f (P1); and N f_ '
L
i 1OP1(i)ri for some ri 2 Z>0 (i   1). Then,
X satisfies (GMRZ)) ri 1ri = 0 for any i  0.
Moreover, ri > 0 for some i  0) p = 2 or pji + 1.
Theorem2. (1)Q1ir Pni satisfies (GMRZ), p = 2 & ni = 1 (8i).
(2) G(l;Pm) satisfies (GMRZ), l = 0 or l = m   1.
(3) A smooth quad hypersurf in PN (N  3) satisfies (GMRZ)
, p = 2 & N = 3.





Theorem3 (Cubic hypersurf). A smooth cubic hypersurf
X  PN with N  4 satisfies (GMRZ)
, p = 2 and X is proj equivalent to a Fermat hypersurf.
Theorem4. X  PN: a smooth cubic hypersurf with N  3 in p = 2.
Denote by 0 : X !
b
PN the Gauss map of the original embedding X  PN.
Then, rk 0 = 0, X is proj equivalent to a Fermat hypersurf.
Rem. In order to prove Theorem 3, it is sucient to show that
“9  : X ,! PM s.t. rk  = 0) rk 0 = 0” due to Theorem 4. The case






A general hypersurf in PN of deg d with 3 6 d 6 2N   3
satisfies (GMRZ)) p = 2 and d = 2N   3.
Rem . We have N_L=X ' O2N 3 d  O(1)d N+1 or O( 1)N 1 d  Od 1 for
a general line L  X ([3, V, (4.4.2)]). Thus Thm 1 implies d = 2N   3 or





Application (Absence of minimal free rational curves). f : P1 ! X is
said to be free if f TX is generated by its global sections, and a free
f minimal if f TX ' O(2)  O(1)d 2  On d+1 with d = deg(  f KX).
TheoremA [3, IV.2.10]. X: a smooth proj variety in p = 0. Then,
9 a free rational curve on X ) 9 aminimal free rational curve on X.
On the other hand, by using Theorem 1, we have:
Theorem6. Assume p > 0, and let X  PN be a Fermat hypersurf
of deg ep + 1 (e 2 N). Then, (1) N > 2ep + 1) X has a free rat curve.
(2) N > e(p + 1)) X has no minimal free rat curve.
Thus a Fermat hypersurf in PN of deg ep + 1 with N > 2ep + 1 gives
a counter-example for Theorem A in each p > 0.
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